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r o"l;l..-L ~i S'.l'B.l OF li iDRO!vlECHANICS EQUATIO NS by " A. F. ·D1ubiuk 

C c r t~ in sener alizations a re made of the solution of the 
)r , bl en of a short-ranee fore6ast made previously (1). 

1'/\ . \ll: Po ..... " !4 .. iJ.! I"\ 

CP. :"'CD U TI ON 01" "THE HORIZONTAL AND VERTICAL CO!llPONENTS OF THE CORlOLlS 
FORCE" 

.-

T" C' s Jste ~J of hydror.lechanics equat.L.ons i n a rectangular right system 

coordi nc t e s is 'vri tten as follows: 

-

{i) 

(2) 

(3) 

(4) 

i:l-.t:rc ,-:p i s t he potential of Newtonian attraction" and the other symbols 

a r e 2S usual. 

Le t us select .as the basic coordinate system that in which the x-

2xis i3 c.ire c te d toward the eas t" the y-axis toward the north" and the 

z - 2xis ve r t ically up,vard. Then" 

",he r eupon 
W", :- 0, WII = 2w cos <p, W.z = 2w sin cp, 

du I 2 2 ' 1 op + o~ 0 - - W cos rrw - W Sln mv + - - -- = . dt • T T P iJz oz ' 

d1) ' 2 ' 1 op o~ 0 
di T WSlD <fll + P iJy + oy = , 

I 
dw 2 I 1 op , o~ 0 
7t - W cos <fu T p a; T iii = . 

(1a) 

Thi s system will also be t he in1ti~l system of equat1ons •• Further, 

let us t ur n t he x-axis such that it becomes parallel w1th the earth's 

axi s . He re . t he old and !lew cOlVrdinates are · co~ected by the formulas 

. .·x = x'; . y. = y' si~ <p + z'. cos <P: z· .=::: '..-:. y: cos cp. -~ z' sin CPt -. ; . 
,(5) ": ' 

. ~'~ ·x;·: 1/ = it sin Cjl - = ·~.o~rfp; . z' .=" :c cos· cP:+ ·z·sip cP. . .-
.. -. " , _. ,. 

- . . .. 

.. ... . ! 
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~2-, 

II - u' " , - , , V = V 5111 <p ,- W COS (P. W = - V COS Cf -1- w sin cp, 
dlt du' tIL' dv'. dw dID dt)' dUJ' • 
dl = dl' ,il = Tt 510 q> + 7ft COS <{I. di = - fl ('OS cp + tfi Sill Cp', 

I , •• 

It ~ Il, V = V Sill cp - loCOS CPo w' = v COS cP + IV sin .cp, (G) 

du' du 
dT = di' 

dt)' dv. dUJ 
Ill:; CiI 510 cp - dt COS <Po dID' du ' dU) ' • 

~ = til COS ,CP + Tt SlD <P, 

duO • t Op DCfI 
Tt- 200v + P h' + oz' =::& 0, 

dv' + 2oou' I .!. op , o<D .:.. 0 
dt . T P i}!J' loy' , 

(16) 
dill' I .!. ()p I (iq) = 0 ' 

S~ttinG , as in (1) dt ~? i);' T iJ::' • 

We have 

Q = 1l1'oln .L _L Q> 
Po' • 

2 Cp R1' A __ T-To 
C = C; 0, v To ' , 

u;- 2oov' + Qx' = - [0 (Qx' - <D.x") + u'u: + v'uv + w'u:) ==~, 

1'; + 2oou' + Q'l ~ - [0 (Q1/' - <DI/') + u'v~ + v'v~ + w'v~] == p;. 
, , Q 1'<1. (Q 'T'» " "'" " ] po W, T :' = - If . " - ..... ' -r u W z I V Wv T W W, .-= ~ a' 

1 Q " • , Ci" ':- ux' + VV-+ w,_ = 

= - ;2 [u ' (Qx' - <Dx ') + Z/ (QIf - <I>1f) -I- w' (Qz- ~ a>.,)] == F: 

(7) 

" 

Considering here that the magnitude 1/c2 is negligibly s11ght" 

~;.:cluc:.ing u', v' , and 'W' from (7), we get for Q the equation 

a -200, 0, a . 0 
- 2u>, 0, F~ Tt, az iii ' 

200. a 0, a 26), 0 0, F~ TI' cJy' iil' 
iJ a Q= a = P<Q). (8) 

0 0, 7il' 0;' 0 0, iil' F~ 
a a a 

° 
0 a 0 

F: 
(/z' • (/1/ ' 0;' , OZ' , au' , fJ.' t 

0l-ening the de terminant on the left side we have 

(a' II ...L!. '1 as) Q _ P<Q) (9) 
'.vher~ 

\i1l2 1 I J~ 0:''' ! ..,-- , 

02 iP (J' 

~1 = OZ'2 + ay" + 0;:" . ' 

The solution of (9) for ' limitless space has the form [1]. 

and 
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1 J ('200,.' (I - -r) ~oo: 'r (2OO,.,'C,) ] - . - -X/T 0\ R' -}TF:Jl,) J g -,- dT' d-rdx'dy'dz', 
1 1 1 0 • Rl 

(10) . 

T~l'lil1e to the initial coordinate system from formUlas (5) and (6), 
. . 

l e t us note t ha t due to the orthogonality of the coordinate transformation 

;; q 
UX' = .)7: ; 

;; . a q 
:;--7 = SID <p;;- - cos <p '?i': ; 
"11 v!l . v_ 

a u+. /J 
iJ . , = cos <p;;- SID <P -iJ. , 

- "11 ' • 

F~ = F 1 ; F~ = F2 sin cp'- F3COS<P; F; = F::.cos <p + F 3 sin <p, 

·.:r.E.r·t:?l' F2 and F3 are equal, r e3pectively., to the right sides of equa·- i., 

t i ons (7) with the elimination of primes on all letters. 

Then., 

. + 00 I 

Q= -~~ ~~~[LlQ ;1 JoC~:ll)+LlQIJ:l ~JO(2~~1 'C)d.]dx'd!l'd:'+ 
~ . ' 0 

001 

+ ~~~ ~ {l- (F1Z + F2'J + F3Z) ] J!l :, J00~i (t'-T») + . 
-000 

+ 2w [sin <p (FI'J - F:uJ - cos <p (Fll - F 3z)i ~ J o f2.OOSz (t - 'C») ~ 
. ~ ~~ 

400' 
- Rl [Fa'Jcos2<p + (F2z- F3'J)sin <pcos<p+ Faz sin2 <p] X 

'-y . 
.. X ~ J 0 ~~:1 .• ') dT'} d. rh' dy' dr.'. (11) 

o 

lihen s ol vi ng the problem fOr' .a half-spcae we will consider that when 

z = O ~ ~z = . 0. Separating in (11) the integrals which are functions of 

z and z ', we c~n represent thee thus: 
00 00 . • 

~ <p (z.') 'i' [(z - :')2] o,z' = ~ {<p (z') 'i' [(z _ 'Z')2) + <p (- z') 'i' [(z + :.')!)} d1:. 
' -;00 o · 

r eQuiring that 
00 

:: ~ {<p (z') \jJ {(z.- z')!ll + <p (- z') 'i' [(z + z')2j}.r-od~' -= 
o 

' 00 I 

= ~ {cp (r.') 'i" (:'2) 2 (- z') + CPo (- :') \jJ' (Z'2) 2z'} dz' = .0, 
o 

cp (- :') = <p (z'). 

This ' i ndica t es t hat for a half-space in formul~ (lJ..) we should consider 
. . . . 

· 'th~ 1:-'1tp:t;'rals of ·the · examined type equal .' to . . 
co. . ' . co . . • '--.~ . ' 

.. ~ "cp(z') \jJ.r(r.~z')2) dz' = ~ . cp (~i). N [(z --z~)') +'1> [(z .-t z')IIJ)d( .: ... - .~ 
-co '. .. ' . " . .0 ... -: . '.' '._ '. . ' - .. ' '. ' :~ . . •. ' 

------------~~~--~~ 
-_ .... 
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I n o t~e r yords~ setting ' 

.f ind t ha t 

R~ = (x - X')2 + (y -- y')2 + (: _ z')=. 

Ri = (x - X')2 + (y _ y')2 + (z + z')'. 

si = (x - X')2 + (y - y')2 ~in2 cp + (z - z') cost <po 

s~ = (x - x')' +(v - y')'lIin',p + (; + ~')2 coat (,' • 

'+ co co (J (2")ISI) (2.oIS, )) , 
() = __ ~ \ \ \ ~Qn 0 ,r;- + J 0 ~ d' d ' d ' _I- ' 
~ ":I J ~ J , Ill II. Z x Y • • , 

-co 0 

(12) 

'I'h e: obta i ned i n tegral-differential equation, as in (1), can be solve d 

o ::n thE: s olution of (11) t h e Laplacian of Qt enters into the right 

~i c.. c . Dire ct practical use of this value presents considerable dif'fi-

c loll ~iev . As a n a pproxir.1a te value of' this magnitude we can use the value 

0;. ... \.~ . obtained by interpolation when t = 0" a~lo\11ng that with small tis 
't; 

we C2n cons i der ~(t) = a o +' alt + a 2(t2/2), where the coefficients of, 

e ~ B l 'E. i"olli1.cl from the follo'ling conditions: 

i . E: ." 

• 

o 
Go = Q; 

W-/~.v t = 0 

Li.,·I..(.-.v t = - 6t 
l ... ~~(.~v t ~ -0.. 26t 

o -1 -2 
4(Q-Q) +Q , 

, 261 • 

, 0 

Q=Q. 
-1 

Q=Q. ...... 
Q =Q. 

o -1 ...... 
a. = Q-2Q+Q 

• • 61' • 

o -1 ...... 

Q
o _ _ 'HQ-Q)+Q 
1- , 261 

'.; t i s de t erm'i ned from f.t va lues at moments T I- 0, -ot, -2rt. 

THE RECUR.B:C:~iT SYS TEM F OR SOLVING THE PROBLEM OF FORECASTING 
' wITH CONSIDERATION OF INTERNAL FRICTION 

Let ~s examine the system of equations 
, -

du ' 2 2' A ' + 1 op o~ 0 h T (a) cos Cfw, - (a)sm \?V - ,'IIuU P iiZ + h = . • 
dl' ' . ' ' 1 op o~ . 
Tt+2(a)SlO~U-V~V +p oy + aJl -0. : 

, dID 2 ', A 1 a p ' iJ(I) 0 
' -d' - (a) ,cos<pu-vuw + --a + -a == • • , , p' a 

OU -+-!!..' + OlD -= 0 
,0% oJ! PI , . , _ 

(13) , 

,subst:i. t ution 'of variables accord1ng to the forJllul~.s " 
, . 

' ... , ' . ' ' 
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x =:z;', V = v' sill cp -:- z' coscp, z = - v' coscp + z' siu If 

l ~3QS to t he system 
, ?', , 

U, - _wv - vb-u + Q~' = P l , 

. , 2' , Q P' V, + (f)U -vb-I.' + 1/' = 2. 

w; - vb-w' + Q,' = F~. 
, , ' I ' 0 " 

U.,.' T VI/' T U'~, = . ' .. .. ... 

E;:cludL1G v(;loci t y compone. ts . we have 

[( a )' u' 1 -- - vAl A, -L 4w' - Q = - F(Q) 
(jt • ii,'. . • 

1 " . 

(15) . 

AS3um1nG in dimensionless va lues that Y is amall, we seek a solution 

i:1 the form 
(16) 

id1ich g ives the recurrent sys tem 

( 
o. " 0' ) "(Q, 
iU' b- 1 + 4w' iJ~'" qo = J" • 

( )q1 =2! A'go. 

, ( J (12 = 2 :, A'ql - A~go. (17) 

( , )q3 = 2 ;, A'q2 - A'q,. 

" l.'e haVe solved t hese equa tions in the preceding section. 

?£E SOLUTION I N A SPHERICAL COORDI NATE SYSTEM UNDER LOCAL CONDITIONS 

In an i mmobile. system of Cartes i 2n coordinates ,\-lith the coordinate 

:):riL.i~ c.t t he c enter of t he ear t h with the z-axis directed northwar'd along 

til€: e2rth 's axis/' t he motion equation s have the form 

du 1 op a~ 

Tt = - P 0% - 0:& ' 

dv 1 OJ' aa> 
Tt = - p. oy - oy • (18) 
dw 1 op oa> 
Tt=-.PiJi-7f:· 

I t is eazy to obtain a sys tem of motion equations in the same coord1-

n 2t e s as before, hut .confined to the :earth 
du' +" 2wv' = _ ~ Op. ~ ~.r <t> ~ ,zi -I:- Yi)' 
dt, . . ." pori 0%1"\ . .~ .2 • " 

~- ---.--

du' 2 , '~ "10p - 0 ( . ' ~ .+y~) " " 
-- WU - .----- CD-wl - . 
. dl " p. Q!11 0!ll . '. . 2 " "' . . 

. , ! 

'. diD'~ ' '1 'a;' :: "0 : ( : .. . ~+y!) ":": ". 
- - - - - - - CD - Ci)2 ----=.".-

'---.~~ __ ~ ______ .:......;_~--.,;=='"~' "" -d.t " . p' 0:1 ': .0::1 ' ' , . 2 ·· · ' . · _ . ___ ~_:.-_",,--' _" _. _' ......... ..:.-_--=--1 
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~\l·J. (; rc. w i s t2:e a :1Vlla r va loci t y ' of the earth'! s rot~t1oil.. '" 

'1:lic f ormula s for chBnc;ing f rom one coordinate sY!ltem to another have 

tl:c for-m 

x = Xl cos CiJt - !11 sin CiJt, 

!I =X1 sin CiJt + Yl cos CiJt, 
z .... Zlt 

Xl = x cos CiJt + y sin CiJt, ' . 

:1 :- - x sin CiJt + !I sin Cut, . 
""1- % • . 

(20) 

(20a) 

I:" 'I:!(; convE. :!.'t f rom cqua tions (1) to a rotary spherical system 'of coordi

n~ "C 0 S ( 11 
J ~ ) l)) ,jhe :::'e r is t he r a dius vector J r is la ti tude and ~ is 

lO:.Z:,i "~uG.e J i,e Ge t J as i s known" 

dl'r 1 a p , I'! + 1'1 iJ ( . w=,' ) - = - ' - -. ..,.... 2(uvA coscp+ --, <D--cos'q> 
dl f' or . ' iJ, :.! ' 

(21) 

UI 'Q 1 iJp • 1'>... 11' 1 iJ ( w%,' . • 
- = - - - - 2CiJv) sm cp - 2 - - - tIT cp - - - <I> - - cos' cp) d t f" ocp , r, b , cJcp 2 . I' 

dl' ). 1 (Jp . "r1' ). V).l1cp' 1 a ( w'r' ) - = ----. -2c..)l)rCOSCf~2wv smcp-2 - -2--lgq>---- <D--cos2cn 
dt pr cos cP OJ.. . .... . , 2 , cos cp oi.. 2 T • 

The f or clUl a s for t he trC'l ns ition from an immobile system of coordinates 

t o ·a r otary spherica l .system ha ve the form 

x = r cos cp cos (i. - wi), 
!I = - r cos CiJ sin (A - wt), 
:;: = r t'in cp. 

(22) 

U3ing (3) and (5) let U 3 f i nd the formulas for the transition from a 

r O'CCl r- J- C2.rtesian coordinate system to a rotary spherical system: 
Xl = r cos q> cos A, . 
!II = - 'r cos q> sin A, 
Zl = rsinq>. 

(23) 

Relationships (23) make it possible to convert from system (19) to 

3ys t em (21) and vice versa. Let us note that the relationships 

U1 = Vr cos cp cos A - t'",sin cp cos A - VA sin A, . 
VI = - l'r cos cp sin A -1' ... sin q> sin I. - VA COS A, 
WI = V,. sin q> + Vcp cos cp, (24) 
v, = U1 cos q> cos A - V1 cos cp sin A + WI sin <p, 
vii> = - u1 sin q: cos A + V1 sin q> sin A + Wi'COS cr, (24a) 
v). = -1 u sin A - ~l cos A • 

. occur between the velocities in. these two systems. Thus we will assume 

t h'o t ~e are ··· given~. s~stemof ' differenti~l '· equations (21) .1.n: a sph~rlcal ..... . 

. ·co~rdL~at.e"" sJst~m ... .. ···Usi~ 'form~la"s' .{2qa·). 'nn~ . (24a).· l~t :us ·. co·~~e.rt .1~ . · tO ·· .'. 
. . . .... . . . ,"' .:' . , -

: s-Y.~·t·eo ·. ·{.19) , ·In· · rec·tari~i~r· coorcii:oates~ 
~~--~ ---~~ 
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be "' or~ , 

Q = RTo In..L -L <I> ~ = T . To 
. Po I ' . ToO ' 

. 
. C 

c2 = --E..RTo 
c ' II 

'i.;E; :'C2 C~1. a S~c~ tC:ill ana loGous t o (7) and , f~rther, we get e~uatlon (9) and 

~o_ution (10) •• 

f..i'tc r t.his in t he ob tained solut"ion it is necessary to. return to the 

~p.il~ !'ic c l c oor di nate S~i s t ern 1 u s ing formulas (23) 1 and for velocities 

cnteri~g i n Fi ( and deriva tives of 

In formula (10) we should now 

Fi), using solution (10)1 formula (24). 
co . +,,/2 2" 00 

r eplace ~~~ ... d.?dY'd%' by ~ ~ ~ ... r 2 cos<pa/ di...d<p, 
_ co . -,,/2 0 0 

on the ri&~t side of the intebral, Furt.he r 1 'We have 

a ~ () sin <p cos;' () sin i. a 
. -= coscncos,..-- ----az, T or r acp ' r COS cp a). • 
a· I • i.. a + sin cp sin i. a cos). iJ 

iJy, = - cos <p sm ~ . r acp ~ r cos cp iJ). • 

iJ . Q cos cp a 
0:1 = sm <p or + -r - ocp • 

iJ2 iJ: [)2 a: 2 a 1 [)2 . 1 82 elg i. iJ 
. A = iJz 2 + iiy2 -r 0:2 = iJ r2 + T Tr + 12 cos' cp acpi + ra 0)." + -:rr i);" 

R~ = (Xl - X;)2 + (Yl -1I~)'- + (:1 - %~)2 = r2 + r': - 2rr' cos r. 
ri = (Xl - X~)" + (!h - Y~): = r: cos2 <p - 2rr' cos <p cos (i.. - h') + r'a cos· CPt 

cos j = cos <p cos i. cos <p' cos i..' + cos <p sin j.. cos <p' sin~: + sin cp sin cp'. 

Let. u s nOv1 s ep arate from the third integral that integral with re

spe c t to r. ?or brevity let us examine, e.g., only the Integr~lM (the 

O t.L~~S a re analogous): 
0:> 

/11 = ~ AQ J~l J 0 C~;:t) r't dr'. 
. 0 

i·ie find t hat M has the form (a is the earth's rad1~s): 
co G 00 

.11 = ~ \j; (r') 1 (r", r''', rr') dr = (~ + D ~ (r') I (r2, r''', rr') dr' = 
o 0 • . 

co . 0 

= (~ -~) ~ (r') 10 (r2, ,'I, rr') dr'. 

Further, . setting r' = a 2/r ll inGth; integral from a to 0 .. we get 

M =~ ~(r')/(r2"r'2,rr')~r'+~ ~(;:)/l(r2'r~:' n;:) 4;~~" = 
. . ' . . . .. . '. . 

00 •. 

'. ~ [~ .(r') / (r2. r'.2, rr' ) + ~ (;~ )/~ (rt
• I'~: . , 4::);':] dr'. 

L~ t· us ' require that ·· when r ' a ' .a, 'dQJ'9r :;a O • . ' For this it suffices .to 

·se t · 
. 1 

.' 'l'" (;') .. {}f..+' "'h .("~ ·)~ -at] :.- -:'-0":-' ', ' 
. ~ . ilr "' . -; ~' CIt) ",'S 1:... . " .. " . '. ~ ". _ ., '. 

...• ". :- ".' 

~ . ' .. 
- '"~... .:....: . _ ....... -,........ --'"---"--....;..-- . : .". " 
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indi ca t es 

I 

A_ 2 1 o~ous tra nsfor mations are made for all i n tegrals with respect . to 

. iJ/ ) 

::; i nce (:~ is 
iJr r-G 

a function no·t only of cr' and ).., but of ~ 

i ~l -cn i 

the ~olution of this hold only for the local problem, when ~ and/L . 

f ac t or can be considered equal . to fo and Ao' i.e., constant. 

!·o. r. Lomonosov 
~O~C JW S~ ate University 
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