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el YROBLEN ¢ '?'<ORECA°TImG THE PRL&SURE rIEI.D FROM

. #ULL SYSTEM OF hmmm:czmmcs EQUATIONS  by. A. F. Diubiuk

Certain 5eneralizat;ons are made of the solutlion of the
oroblew of a2 short-range forecast made previously [1].
TR, by R Heiden

LLCULATION Of THE HORIZONTAL AND VERTICAL COMPONENTS OF THE CORIOLIS
FORCE

The system of hydromechanics equations in a rectangular right system

»f coordinetes is written as follows:

+2muw—-2m,v+ ; 35 +-3;=
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" vhere 2 1s the potential of Newtonian attraction, and the other symbols

re =23 usual.

%))

Lect us select.as the basic coordinate system that in which the x-
2xis 1s céilrected toward the east, the y-axls toward the north, and the
z-2xls vertically upward. Then,

. 0:=0, w,=20cos¢, 0, =2wsingQ,

whereupon
i + 2w €0s gw — 20 Sin ¢v + — : ap-i—
o oz =

1 9p

dv . : b
7—‘--1-2(0513(})11 P ay-*’--sg— » (18)
dw 1 dp , 00

o —20cosqu + 45 T =0

This system will also be the initial system of eqQuations.. Further,
let us turn the x-axis such that 1t becomes parallel with the earth's

axis. IHere the olq and new comrdinates are: connected by the formulas

s

o pmaly y= ysm(p--z cosqa, z.—.-.—_/ cosq>+z smqp.._ g
e z’._—'-vz;'J =ysmq>—..¢.qs<p._-z Ax=:cc<_>s¢p-+z-'sin_q>. T
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v . : ; :
) :"'“",“- v="0'sing+weosg, W= —vCcos ¢ - wsing,
du_ du’ dv v d dw dv’ .
ST SR e —— e eds v dw
a1 dl" dt T dr sm‘l’ ar C0sQ, —r=— A7 €os @ 4 ——sin @,
w=u, v —vsm<p-—wcosq>_ w'=vc°S‘P+wsmlP. (6)
dut | du @t dy dw dw’ d
a =G gt sing— ‘—‘°°5‘P- — d:’ cos<p+ sm(p
Jow &t the saue time,.mr==mw==0.my==m » L.e., according to (l),
du’ 1 a9p o
T =20+ 2+ 55 =0,
dv’ § o L i PR
T T2 Ty T oy =0
(19)
dw’ '  § (7p " o 0
TR T
Setting, as in (1) b P S
: = RT.0n 2= 1 @ 2_-_:_"_' v =T=T
Q= 1RTyin . O, = v RYg, "= To
we have ' b ’
u— 200" + Q.= —[0(Q,. — D) + u'u_ - v, +w'u] = F,
v+ 200"+ Q= —[0(Q, — D)+ u'v + vV, +wl=F,
w;—‘rQ:.— [0(0 —(D )+ ww, + v'w, + w'w)=F,

X @
cs Q[ Tu +v '!"w S : )

= — 5 (Q.— D)+ (0, — D) +w Q. —O, )1.—=-p

Considering here that the magnitude 1/c2 1s negligibly slight, and

exclucing u', v', and w' from (7), we get for Q the equation

5 a. 2 .
T —_— 2(1), 0, 77 = 20‘), 0, F; ]
oo i & p-a ) ' :
e I & 'y 0 2, orr. 0, .F’ = Q@ (8) ‘
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3 2" 8 2 2 .9 .
;:—: ’ 7 6’7 ’ 0 ‘? ’ 5_y—‘ ’ 0'—;7 ’ : F‘

Cpening the determinant on the left side we have -

o AP e g
o (aﬁAn+4‘f*’za)0=.--F‘°’- ®
where !
Al Jzr 3 + 7 + d’ . »-

“he solution of (9) for limitless space has the form [1]
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Turning to the initial coo_rainate system from formulas (5) and (6),
t us note that due to the orthogonality of the coordinate transformation

Ay= A, =R, dz'dyds = dzdyds,

5% owever, . rlg=R1g_(=l T: 3_(11 ;l)g_l_(y' .il)zqin¢_‘_ (Z'—-"')zcoszq)sﬂo
a a a a
il 4 sn(p-——coupd s 52'—“)3‘90 -}-smtp'J .

Fy=F; ,_F,smc_p-—l‘acos(p, 1‘,=1‘2cosq>+F,suup.

where Fl, Fé and F3 are equal, respectively, to the right sides of equa-i

tions (7) with the elimination of primes on all letters.

Then,

._’_. zms’ t) + AQ, 7 'SJ., (zms' ) dt] dz’ Jy' dz' 4

4 )

([ad
SYSS {(_ S il F")l n w7 °(2ms' (‘-—')) - ;
+ 20 !sm Q@ (Fiy— Fay) —cos @ (Fy; — Fjy)] E’Tjo(l__"%l_' t _t)) i
- 47‘—“:’ [Fay0s* @ + (Fy: — Fyy) sin @ cos @ - Fy,sin? ¢] X
t—r ,
p § Jo 62“9’

When solving the problem for a half-spcae we will consider that when

'r')dr'}drdz'dy'dz'. A

z =0, &, =0. Separating in (11) the integrals which are functions of

s = =

Z
z and z', we czn represent them thus:
[ e@)vic—21ar = @)Vl =271+ o (— )0 [+ =)D d,
- —00 0 - _ : _
reqQuiring that
2=\ @@ VIE— 2+ 9 (— ) V(e + ) Demads’ =
0 ° 3 :

oz

= S @@V () 2(—2)+ @(—2) ¥ () 22} de’ =0,
0

ve have»-T(z') 5 ?(-z') =0, i.e.,
q>(—-)=q>(=’)
dicates that for a ha1f-space in formula (11) ve should consider

o
.I.’l

' 'vne i-rtcbrals of tne examined type equal to

'-S q»(z)w(z—z/mdz =§¢(z>(¢x(z—=)'x+w(z+=')=ndz




In onhur words, setting
R;=(z—z)‘+u J)’+('-—=)'

R=(2—2) 4+ —y) -+ (22,
31 =(@—2)+ (y—y)?sin? @ + (2 — ') cos? g,
$3 = (2—2)? -+ (y — ') inp -}- (3 - 3')% cos® p,

we Tfind thet ot 2018y 2018, :
()___-_l_ Ao (J.(—)r) N °( Ity )d,d TS : »
0 =— 7 &SS Q\—gt—+ Dt arazay +... (1)

The ovtalned integral-differential equation, as in (1), can be solve d
awzerically. :
: . .
In the solution of (11) the Laplacian of Q. enters into the right

sidc. Direct practical use of this value presents considerable diffi-

culties. As an approximate value of this magnitude we can use the value
obtained by interpolation when t = Q, allowing that with small t's

t + a (t /2), where the coefficients of

(o Jr iy A
4
we can consider G(t) = a  + 2,

are Iound from the following conditions:

™

=
whir t =0 Q= o,
Whiw t=—8 Q= o, ,
3 (-‘L.LC:‘, t= =28 Q Q. : .
whence o ) ;
P 0 -3 -2 0 -] -2
4 p— —
a6=0; o=20220+C, , _¢-203Q
Thus ,. |
6 = 1@=0+T :
; ‘ 20 ’ ;
$iey Qp ds determined from @ values at moments T # O' -8t, -2$t, i
‘ E

THE RECURRENT SYSTEM FOR SOLVING THE PROBLEM OF FORECASTING
WITH CONSIDERATION OF INTERNAL FRICTION

T

Let us examine the system of equations
i' -‘-2o)cosq*w—2msm Qv -—vAu+ : :: +%5 =0,
1
. +2msmq>u-—-vAv+—ay+av-0

d a
-d,‘zwwu—mw+:;:,+a. 0, 3

az*' *'h'“o

Substitution of variables according to the formulas

i : .




R

\ o:"‘

&
A

L-am.:_nl,.__.;.... AN

=2z, y=y'sing .~:~ cosg, z=—y' cos@ 4 z'sing

lcads to the system

u: — 200" —vAu' + Qx = F;,
g + 200" — VAL + Qy = ;AR

. ’ 14
Cwy— VAW - Q= Fy, (td
u;,-i-v;,—;—u';,:O. -'
Excludiag velocity componeats. we have
[Jl—vA) A -4l -——-]Q=_.[’(°’ : (15)

Assuming in dimensionless values that v is amall, we seek a solution

in the form - :
Q=qo-+-vq1 42 +..., . . (16)

vhich gives the recurrent system

(a‘l Al+4‘° o:)‘h" F(o,

( )m=2—-Am.

{ ﬂf—m~Awp-m%. oan
( )‘]3— 2""A'Qz"'A"ho

(. o '... )9n+1—'2 Aqu—A"In-l

- We have solved these équations in the preceding section.

TEE SOLUTION IN A SPHERICAL COORDINATE SYSTEM UNDER LOCAL CONDITIONS
In an immobile. system of'Cartesian coordinates with the coordinate
origin 2t the center of the earth with the z-axls directed northward along

thie eerth's axis,' the motion equatlons have the form

LW R, . |

dt — p 0z dz° v

dv 1 0p o0

TS T T T . (18)
do __10p o0 -

dt p 0z a9z

It is ea-y to obtain a syatem of motion equntions in the same coordi-

a2tes as before, but confined to the-earth

vyt 0p 8 [ F Nt
-!-2 e (.Q):___Ps 1.2 1)'. | |
a5y g R T S e R R -
ar 2w —‘—?a—y;—m(‘?—m'—_fz ’_)._i' $ ,(_1?).~._
G- U 1 e .
b dl_ : paz, dz; 0'-0_’ 2‘)'
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where W ils the an gular valocity of the earth's rotation. :
The fOfMUIuS for changing from one coordinate system to anothcr have
the Toxr '
Z = 1, €0S Wl — ¥, sin !,
Y=z smmz-}-yl cos wt, (20)
2=z,
I, = ZC0s (ot+ysin_ml,.. _
Y1 = —zsinot -+ ysinwt, (20a);..
. 5 =2z, :
IZ we convert from equations (1) to 2 rotary spherical system of coordi-
nctes o Q, 1), vhere r is the radius véctor,ﬂ)is latitude and }_13
loagituce, we get, as 1s known,
dv, SRR i
‘;‘ =— ;;%-T-comcosq;-l- ks —%(‘D—“—%,-cos’tp) e (21)
dlc 1 ap "'}’.
S g - "Taq. (‘D—“‘ws’
dv 1 3 ' V7, V7, 9"
-;ll= Prm(ﬁ%f2mz>,co=¢—_wv°sxn¢—° ”‘ —2 " igQ N TT (('D A cos’cp)
The formulas for the transition Irom an 1mmobile system of coordinates r
to 'z rotary spherical system have the iorm
i z = r cos ¢ cos (A — ot), ; 4
Yy = — rcos @ sin (A — wt), ’ (22) '
z=rsing. % §
ing (3) and (5) let us find the formulas for the transition from a
rotary Carteslan coordlinate system to a rotary spherical system: i i
Z; == rcos@cosh, ; .
Y= —Tcos@sind, (23) 4
. Zy=rsing. : 3 ’
Relationships (23) make it possible to convert from system (19) to .
system (21) and vice versa. Let us note that the relationships i
U; = v, €OS ( €0S A — ¥, Sin ¢ COS A — v, sin A, ;
V) = — 0, C0s PSin A — v, Sin Qsin A — v, Cos A, '
W, = v, sin @ + v,c08 @, (24)
v,—u,cosq>cosl-—v,cosqzsml.-i—wlsm(p, f
Vo= —u;Sin@CosA -+ v, sin@sinA + w;cos @, (24a)
= —,usinA—yz,cosA. m
A i
- ogcecur between the velocities 1n these two systems. Thus we. will assume - 3
that we are given a system of differential equations (21) in a spherical : ?
-'coordinate sjstem.. Using formulcs (20a) and (24a) let us convert it ‘to - 3

systen (19) 1n rectangular coordinates..f‘n"‘;.;, ?;_ﬂ

5
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Supﬁicmcntihg 1t with a continui;y eQuation'and déSignéting,'as

belore, ' ] Sl
g - U
.Q=RT01n-l—f;-+®, 0= 7 s c’=—é’-RT°,

we reacn a systcu analogous to (7) and, further, we get equation (9) and %

solution (10)..
Aftcr‘zhis in the obtained solution it 1s necessary to return to the

schc“ical coordinate syetem using formulas (23), and for velocities

entering in F; (and derivatives of F ), using solution (10), formula (24) .
+n/22% ©

In formula (10) we should now replace S )S dzdydz by S SS .. ricos@ar drdg.

-—0 . -n/20 0

on the right side of the integral, Further, we have_

a
= °°S<P°°S’~*—*——r—3a-—m a

2. AR gaiin.
__=—-cosq)smla,+ T dp  rcos@ 9A’

Iy
- e a cos@ 9 . : :
3;;—5‘“??;'*'—:‘a¢- : g :
3¢ 1 elgh & :
9z T Gy T 523 or’+ r ar +r'°'oos’<p a¢‘+ r’ 6A‘+ o’ ]

](:';’(Il'—;c;):"l‘(./x_./x) +(q—zx)’—r’+r7’ 2rr' cosTY,

1= (2 — ) + (11 — y,)* = r*cos® ¢ — 2rr’ cos g cos (A — 2') 4- r" cos’ g, 3
COSY = €0S ¢ cos A cos ¢’ cos A’ + cos @sin A cos @’ sinA’ 4 sin@sing’, -
Let us now separate from the third integral that integral with re- ;
spect to r. rfor brevity let us examine, e.g., only the integral'M (the ;
others are analogous): - ,
M = 8@ -7 (25p2) 2 ar, s
j 0 WL
We find that M has the_form (a 1s the eerth's radius):
V=hverse a4 ) v e e i =
¢ c .0 ° :
= (S S) () o (72, 2, rr')dr'.
Further,. setting r' = a/p" in “the integral from a to 0 ve get e g“
P ¢ 2r\ a%dr” Y ) ' e s
M—S\p(r)/(r’ ’,rr)dr +S ( )/;( ,,,%—;)—ﬁ,‘ = &
2 ) :. . 2 ._ - 6“
S[w(r)fw ! ")-r\l’(,.)/x( ,i-.‘i,-),f-d BT 1
uEt us requive that when r = a, 3Q/3r = 0. "For this it suffices.to‘ i
; S0 DS T N

e _;_[x,p,m e e R
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eby

(@=—vfg) (&
or / r=a ;
1;1(=iicattes that

-~ ‘.f &) - i _f_/_ Sk ; o 2
M =S P (z') [/ (7, r%, rr’) — (71_:—) I (r’. ,i'.- : %’—)] dr'.
a ar r=a . ’,

4azlogous transformations are made for all integrals with respect to

L/ , ‘ : A8
»vs however;.since (-,,i;;) is a function not only of cr' and 1' but of-T
re=a

or

and N, the solution of this hold only fof ;he local problem, when @>andﬂ.>

3y . i
in Tal

is factor can be considered equal. to ?o and )o, l.e., conétant._

Submitted

1. V. Lomonocsov ; _ ‘
Moscow Szate University : ; 1 March 1960
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